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CHAPTER I

INTRODUCTION

In recent years much attention has been devoted to the development
of efficient heat exchangers.

The regenerative or moving matrix heat

exchanger is one type which has been considered.

Most regenerative

heat exchangers use one of the conventional types of high area matrices
mounted in a drum or disk in such a manner that it can be moved in a
continuous cycle from a cold fluid stream to a hot fluid stream and back
again.

A rather different approach to the design of a regenerative

heat exchanger which has been patented in this country is a set of flexi
ble moving bands which carry heat energy from one fluid stream to
another in a continuous manner.
Figure 1.

Such a regenerator is illustrated in

This is essentially a parallel plate heat exchanger with a

variation in the temperature of the plates and the fluid in the direction
of the length of the plate.
An analytical study of this type of heat exchanger constitutes the
major portion of this thesis.
A description of the mathematical model used in this analysis is
as follows.

A flexible band moves at constant velocity through a region

in which it exchanges thermal energy with a flowing fluid.

The tempera

ture of the band is maintained at a given value at the entrance of the
region where the heat exchange takes place.

The temperature of the

fluid is maintained at a given temperature at the plane where it enters

Hot Fluid Inlet

Figure'1.

Schematic of a Moving Band Heat Exchanger

Outlet

- 3 the region of heat exchange.

The velocity of the fluid is parallel to

that of the hand but is in the opposite direction.

Only those values

of fluid velocity which give laminar flow are considered.
The analysis is in two parts.

First, the differential equations

for the model described are set up and solved for the boundary conditions
which are determined to be applicable.
Second, using an analog computer, temperature distributions are
obtained for various values of the three dimensionless parameters which
influence the solutions of the equations.

These parameters are the

dimensionless coefficients which are obtained when dimensionless variables
are introduced into the differential equations.

The values of the para

meters are related to the dimensions of the band, the dimensions of the
fluid passage and the velocities and properties of the band and the
fluid.
The results of the analysis on the computer are used to determine
the general shape of the temperature distribution curves for various
values of the three parameters.

The computer analysis is also used to

establish a means for determining the values of the parameters which
would produce the most efficient heat exchanger for a given set of
design conditions.

CHAPTER II

LITERATURE SURVEY

The initial stimulus for the analysis of a moving band heat
exchanger came from a paper by David Wilson [l]1 in which he des
cribed such a heat exchanger.

Wilson was granted a patent on a flexible

band heat exchanger in which the fluid flows parallel to the movement
of the band but in the opposite direction.
true counterflow.

This arrangement gives

In the same paper he also describes a patent which

was granted about a year earlier to Holmquist of Goteburg, Sweden.
Holmquist's patent was for a regenerator which used a moving flexible
band arrangement similar to the one suggested by Wilson but had the
fluid flowing parallel to the band perpendicular to the band movement.
The paper to which reference has been made contained no analysis
of the heat transfer characteristics of the regenerative heat exchanger
described, and in a private communication to the author, Mr. Wilson
indicated that to his knowledge none had been undertaken.
A search of the literature failed to reveal any analysis of the
specific problem under consideration.

There are, however, several

problems which are related to the present analysis which have been
treated quite extensively and some which have received less attention.

'Numbers in brackets refer to references in the bibliography.

- k -
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These analyses fall into three groups:
1.

Moving conductors exchanging heat with an environment which
is independent of the heat transferred or the temperature
distribution in the conductor,

2.

Heat transfer in flow, both laminar and turbulent, between
parallel flat plates,

3.

The heat transfer characteristics of a stack of several parallel
flat plates with fluid flowing between them.

The problem of the temperature distribution in a moving conductor
which is transferring heat to the surroundings is not new.

The tempera

ture distribution as a function of time in a column of mercury which is
flowing from a source at one temperature to a receiver maintained at
another temperature was studied experimentally by Nettleton [2] in 1910.
Two years later Somers [3] did a mathematical analysis of the same
problem.

In 1925 this same problem was considered by Owen [4] who

extended the previous work.
1.

He considered four different cases:

Source and receiver maintained at constant temperatures with
no radiation from the lateral surface,

2.

Same as 1, with radiation from the lateral surface,

3-

Same as 1, with the receiver maintained at a temperature
which is a periodic function of the time,

4.

The source, receiver and lateral surface maintained at cons
tant temperatures.

The second edition of Carslaw and Jaeger's Heat Conduction in
Solids [5] contains solutions of several problems of this type.

They

-

6
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consider the problem of the temperature in a moving rod which is exchanging
heat with the surroundings by Newtonian radiation.

Steady state solutions

are presented for boundary conditions similar to those used by Owen.
Transient solutions are obtained for several cases in which the environ
ment

temperatures at the boundaries are varied arbitrarily with time.
A more recent study of the moving conductor problem was done by

Horvay [6],

He analyzed the temperature distribution in a slab moving

from a chamber at one constant temperature to a chamber at another cons
tant temperature.

In this analysis variations in temperature in the

direction of the thickness of the slab were considered.

His equations

were, therefore, partial differential equations in the two space variables
X and Y.
width.

The slab was assumed to have a constant temperature across its
Solutions were obtained for steady state conditions.

The value of these analyses to the problem at hand is not in the
results obtained since they vary widely from the results of this
analysis.

They were most helpful in indicating the proper approach for

setting up the differential equations and suggesting possible boundary
conditions.
A great deal of work has been done on the analysis of the heat
transfer from a flat plate to a laminar boundary layer and heat transfer
in flow, both laminar and turbulent, between parallel flat plates.
attempt is made here to cover the field completely.

No

Only those analyses

are discussed which seem most closely related to the analysis of a
moving band regenerator.

The results and techniques of investigations

which do not apply directly to this analysis but do apply to extensions
thereof are also considered.

- 7 -

An analysis of a flat plate heat exchanger was done by McKillop
and Dunkley [7].

Their work was done for turbulent flow and even con

sidered the effect of turbulence promotors. It is interesting in this
context primarily because of the idealizations of the actual model
which the authors made in order to obtain an analytical solution of
the problem.
1.

2.
3.
4.

They assumed that:

The overall heat transfer coefficient is a constant
throughout the length of the heat exchanger. This implies
that all fluid properties are independent of temperature.
The heat loss to the surroundings is negligible. This
assumes that the two end plates serve as adiabatic walls.
Heat is not conducted in the direction of fluid flow by
the walls or by the fluids themselves.
The temperature and flow rate are uniform across the
channel width.

Assumptions such as these are also required in order to obtain an
analytic solution of a moving band in a flowing fluid.
Probably the most fundamental problem associated with the heat
transfer process in laminar flow between parallel flat plates is the
determination of the heat transfer coefficient, h.

The Nusselt

number, Hu, for heat transfer in a duct formed by two plane walls
a distance 2D apart was calculated by Nusselt, Ehret, and Hahnemann [8],
They obtained
h2D

The heat transfer coefficient which is defined by the above result is
used in the present analysis.
The assumption that the heat transfer coefficient is a constant
can only lead to an approximation of the real problem since it will vary

- 8 -

as the fluid velocity and wall temperature vary.

A study of the

variation in the heat transfer coefficient as the wall temperature and
fluid velocity vary, which would be applicable to an extension of the
present analysis was done by Imai [9]*

For a power function variation

of free stream velocity (u^ = cxm ) and of the temperature difference
between the wall and the free stream (Tq -T^ = bx11), Imai states that
the heat transfer coefficient can be given approximately by
hx/K
(u-jx/ v)

1/2

Tj2

(2-f3)

where (3 = 2m (m+l),

L32/3 r (V 3)

2

io° J

a is the non-dimensional velocity gradient at the

wall, a is the Prandtl number, k is the thermal conductivity, and v

is

the kinematic viscosity.
A discussion of the effect of the fluid entering and leaving the
flow channel in a heat exchanger leads to a consideration of the growth
of the thermal boundary layer.

The growth of the thermal boundary layer

in laminar flow between parallel flat plates was investigated analyti
cally by Mercer [10].

Whereas previous analyses were most accurate at

large distances from the beginning of the flow channel, Mercer's treat
ment gives accurate results at small distances from the entrance.
A reproduction of his results is given in Appendix A

and may be used
•

in estimating the end effects in a moving band heat exchanger.

A

concomitant to the problem of thermal boundary layer build-up is the
growth of the hydrodynamic boundary layer.

This is not discussed in

the present analysis but is of interest for future investigation.

This

phenomenon as applied to laminar flow between flat plates is discussed
by Schlichting [ll] and by Han [12],

Three other analyses in the general area of heat transfer in flow
between flat plates were reviewed by the author.

The results of these

investigations do not apply directly to the problem being considered
here but would be of interest in refining the design of a moving band
heat exchanger for certain specific applications.

The first, by Agrawal

[13] considers the conduction of heat in the fluid parallel to the
direction of fluid flow.

A study of heat transfer to a fluid flowing

across a flat plate with a nonsteady surface temperature was done by
Cess [lU].

In a real heat exchanger made with flat plates or some

derivation thereof, it is likely that in some applications the tempera
tures of the two plates which form the boundaries of a flow channel
might be different.

This problem was studied by Cess and Shaffer [15].

Thomas Einstein [l6] extended the work which has been done on the
problem of heat transfer in laminar flow between parallel flat plates
by considering a set of several flat plates in which heat is being
generated and transferred to a fluid flowing between them.

In this

analysis the effects of interactions between the plates and pressure
drop in the flow passages are considered.
Einstein's analysis indicates that for very high plate temperatur
(5000°R) there is a variation in temperature from the outer passages
to the center.

This variation in temperature is a result of the outer

plate on each side radiating heat to a lower temperature.

To satisfy

conditions of continuity at the entrance and exit of the flow passages
the pressure drop in each passage must be the same.

Since the pressure

drop in each passage is related to the velocity of the fluid and the

10
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heat added, the temperature variations in the passages produce variations
in the flow rate of the fluid in a given passage.
The solutions presented by Einstein were obtained by solving the
appropriate differential equations on a digital computer.

This method

of solution makes it possible to consider laminar or turbulent flow,
or flow which changes from laminar to turbulent in the passage.

Variations

of the heat transfer coefficient can also be taken into account.
Although the model considered in Einstein's analysis differs sub
stantially from that which is being considered here, it is of interest
because of the refinements of the present analysis which it suggests.
In summary the survey of the literature produced few specific results
which could be used to analyze the problem under consideration or to
corroborate the results obtained.

The primary value of the survey was

to indicate or in many cases give support to methods of attacking the
problem to be considered.

A very important secondary result was the

discovery of many new areas of investigation, not only with regard to
the analysis which constitutes this thesis but also other areas of study.
It is interesting to note that nearly all the analyses which have
been discussed are theoretical in nature and contain no experimental
results or verification.

This dearth of experimental work, which seems

to be characteristic in this particular area of study, points up the
need for an experimental investigation of the moving band heat exchanger.

f

CHAPTER III

FORMULATION OF THE DIFFERENTIAL EQUATIONS

In order to simplify the analysis of a moving band heat exchanger
which is made up of several bands with fluid flowing between them, it
is assumed that the temperature distribution in each band, and each
fluid passage, is exactly the same.

This implies that, if the bands

and fluid passages are identical and the fluid velocities are the same,
each band and corresponding flow passage is independent of the others.
The temperature distribution will, therefore, be the same whether there
is one band or several.

Einstein's analysis [l6] indicates that this

is incorrect for very high temperatures.

For moderate temperatures

(less than 1000°F) the assumption should be quite good if the boundaries
of the heat exchanger are well insulated.
On the basis of this idealization of the problem the differential
equations can be set up in the following manner.

Consider a cubical

control volume oriented in cartesian coordinates according to Figure 2
into which energy is being transferred both by mass convection and. by
heat conduction.

The heat flow into the left face in the X direction

is, by Fourier's law of heat conduction,

m

St
ox

ll

a

-

Figure 2.
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Heat conduction and connection into a control volume,

the heat flow out of the right face in the X direction is

v t ■ ■ (k sj ^

+ Ifk H

The thermal energy being carried into the element by mass convection is

qc in * Pcut AyAz

and the thermal energy being carried out is
5
+ 5x pCut AxA/A z *

qc out = pCUt

Thus the net energy into the control volume in the X direction is
5
St
5x K 5x

S
pcut AacAyAz.

- 13 -

Similarly, the net energies into the control volume in the Y and Z
directions are

^

K

<^c£yAz _

^

K^

pcvt Ax/syAz

and

AxdyAz -

peart AxAyAz.

The net energy into the element in all three directions causes the
temperature of the element to change.

The resulting time rate of change

of the energy storage in the element is

cp —

Ax£yAz.

PT

Equating the net energy into the element and any heat generated in the
control volume to the time rate of change of the stored energy gives

cH
d(pcut)
d(pcvt) . d(pccst)
cp 57 +
dx
+ — 5T" +
57
5t

St
+ <j>
57

57
where <t> is the heat generation.

(i)

For a viscous fluid the heat generation

term <i> may he considered to he the heat generated per unit volume hy
internal friction if there is no other generation.

This heat generation

is expressed hy the following equation according to Schlichting [ill.

<t> = 2p

/ V 2

'dcof

+ p

57

L^y

oz

2

!

SO

+ d

5u 2

12

+ d

Su
5cd
57 + 57.

5v + _
5u
Ox
oy

- lit- -

Equation (l) can be greatly simplified when applied to a control
volume in a thin moving band.

For this case there is no heat generation,

p, c, u# and K are constant and the flow is in the X direction only.
Also, since the band is very thin and has a relatively high conductivity,
the temperature variation in the Y direction is neglected.

The band

is assumed to be insulated along the edges so that there is no tempera
ture variation in the Z direction.

It is further simplified by con

sidering only steady state conditions.

Equation (l) then becomes

(2 )

pcut' = Kt"

This, however does not account for any heat transfer to the
surroundings.

Since the band is in contact with a fluid at a different

temperature, heat transfer will take place according to Newton's law of
radiation.

It has already been assumed that the temperature in the

band does not vary in the Y direction and that the fluid in each passage
has the same temperature.

On the basis of these assumptions the center

plane of the band is considered to be an adiabatic boundary.

The con

trol volume for the band, as shown in Figure 3, has unit length and width
and a height equal to half the thickness of the band.

Considering the

heat transfer to the fluid, the equation for the band may be written

(3)

where the bulk temperature of the surrounding fluid and the heat transfer
coefficient for laminar flow between flat plates are as defined in [8],
Equation (l) can be similarly simplified when applied to a control volume

-15Y

in the fluid flowing between the bands.

Considering flow and conduction

in the X direction only, the equation for the bulk temperature of an
imcompressible fluid with constant properties is

pcut' = Kt" + 2fx (u')2
As with the band, a term must be added to this equation to account
for the heat transfer between the band and the fluid.

In accordance

with the assumptions already made, the center plane of the fluid
passage will be an adiabatic boundary.

The differential equation for

the fluid is

(pot)a q

- V a

■ I (v V

+

(u’>2

The control volume for the fluid is shown in Figure 3.
In most cases of laminar flow the heat of dissipation tern, 2p(u')
is much smaller than the other terms in the equation above and may be
neglected.

It is also common to neglect the effect of heat transfer

in the fluid in the direction of flow.

The equation for the fluid then

becomes
(pcu)A *A * ‘ I (

W

(lt)

It would be well to list at this point the assumptions which have
been made in arriving at equations (3) and (it-).
1.

The properties of the band and the fluid are constant.

2.

There are no temperature variations in the Y and Z directions
in the band and there is no temperature variation in the Z
direction in the fluid.

3.

Heat generated in the fluid and the band is negligible.

b.

The effect of conduction in the X direction in the fluid is
negligible.

5. The fluid flow is fully developed.
6.

Steady state conditions have beep reached.

7.

The average velocity of the fluid is constant along the entire
length of the band.

8.

The heat transfer coefficient is constant over the entire
surface of the band.

Introducing the dimensionless variables

- IT -

yields

(pcu)_
TB - - y

■.t2

f

Ti

-

(W

- 0

and
'

ta

T

^

W

= °

The equations can be further simplified by defining three dimension
less parameters M, R, and P as follows:

M

hL
(pcu)AD

(pcu)
R

" V 7
D

hL2

V
The final form of the equations to be solved is

TJ - R T^ - P (Tb -Ta ) = 0

(8)

T^ - M (Tb -Ta ) = 0

(9)

CHAPTER IV

SOLUTION OF THE DIFFERENTIAL EQUATIONS

The solution of the system of differential equations in Chapter
III is primarily a matter of selecting boundary conditions which appear
to satisfy the physical situation and at the same time are compatible
with the differential equations.

Intuitively, this may appear to be

relatively easy; however, a little investigation of the problem reveals
that the choice of boundary conditions is limited.
For example, it might appear reasonable to assume that the curve
describing the temperature distribution in that portion of the band
in contact with the fluid would have a zero slope at the point at which
the band enters the region in which the heat exchange takes place.
Furthermore, since it has already been assumed that conduction of heat
in the fluid has a negligible effect upon the temperature distribution
in the fluid, one might be led to investigate the possibility of using
the conditions
T^ (0) = 0
T^ (1) = 0
as boundary conditions.
That none of these conditions is compatible with the equations
derived in Chapter III is easily demonstrated.

*
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Applying the first of
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the conditions stated above to equation 8 in Chapter III gives

Tj (0) = P (Tg-TA )

^

(10)

where

Since P must always be a positive constant, the above equation
indicates that if the temperature of the fluid is less than the tempera
ture of the band at the entrance plane, the second derivative of the
temperature distribution in the band must be positive.

In other words,

imposing the conditions

Tg (0) = 0
on equation (8) leads to the absurd conclusion that as the band at
temperature

travels into an environment at a lower temperature, T^,

its temperature must increase.
The above boundary condition does not lead to any difficulty if
the band movement is in the negative X direction.

In this case, for

the conditions stated above, equation (10) simply indicates that the
temperature of the band is decreasing while it is in contact with the
fluid at a lower temperature.
The second of the equations derived in Chapter III is

TA - M (W

-

The boundary conditions
T> (0) = T” (1) = 0

-
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require that the band temperature and the fluid temperature be equal at
the point in question.

To impose either of these conditions would lead

to a solution less general than the one being sought.
For the particular situation being considered there are eight
quantities which would most likely have a boundary value of zero or
some known non-zero value.

These quantities, which are possible boundary

conditions, are T^O), Tfi(l), TA (o), TA (l), ^ ’(O), TB '(l), TA ’(C),
TA '(l).

A s indicated in the discussion above, two possible boundary

conditions
ta

and
have already been eliminated.

'(o ) = 0

TA ’(l) = 0
A third possibility
Tg’Co) = 0

cannot be used if the sense of the band velocity is in the same direction
as increasing X.

This condition could be used, however, if the band

moves in the opposite direction.

A similar argument applies to the

condition

Tg'(l) » °°
This is a valid boundary condition if the band is moving in the positive
X direction but is not valid if the band moves in the negative X direction.
Of the four quantities yet to be considered, two would.most likely
have known values for a given heat exchanger application.

’
They are

the temperature of the fluid entering and the temperature of the band
at the entrance plane.

-21
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If the fluid flows in the positive X direction and the hand moves
in the negative X direction these two quantities are

V

1)

ta (o

).

Since the temperatures were nondimensionalized with respect to T^Co),
two of the boundary conditions for the counterflow case are
Tg(l) = 0
ta (o

) = 1.

Tg(l) is set equal to zero for convenience.

The third boundary

condition may be either
tb

(i ) = U

or
^ ’(0 ) = 0 .
For parallel flow, where the fluid and the band both move in the
direction of increasing X, the boundary conditions are
1^(0) = 0

Tg’(l) = 0
ta (o

) = 1.

Using the boundary conditions obtained above, the solution of the
system of differential equations

Tg" - R Tg' - P (Tb -Ta) = 0

(8)

-
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Ta » - M (Tg-TA ) = 0

(9)

is straightforward and can he obtained in various ways.

One method is

to write the equations in operator form and then, treating the operators
like ordinary algebraic coefficients, combine them into one third-order
equation.
Letting D = ^

equations (8) and (9) can be written

(.d

-

rd

-

p

;

mtb

tb

+ PT. = 0
A

- (m +d )

ta

= 0

* Eliminating TA from the two equations yields
D[D2 + (M-R)D - (MR+P)]Tb = 0
rX
Assuming a solution of the form e , the characteristic equation can
be obtained
r[r2 + (M-R)r - (MR+P)] = 0
The roots of this equation are

The general solution for T^ is
r X
r X
TB = Ai + A£e X + A 3e

- 23 -

Similarly
r X
tA * B1 + V

r X
+ B 3e

Substituting Tg and T^ into equation (2) the relationship between the
arbitrary constants can be determined.

Bo
m "—
- • A-2,
2 = M
+ r^
B~ = rr— ^-- k 0
3
M + rg
2
By some algebraic manipulation it can be shown that

M
M
M + r^

M

y (r.,-R)
P ' 1 '

M

(rn -R)

For convenience in computation the latter form will be used.
The general solutions for Tg and

then become

r X
T1 = A1 + A2e

r„X

r,X
T,2 = Ax + Ag - (r^R) e x + A 3 - (rg-R)
The arbitrary constants
conditions.

(10)

+ A 3e
r2X

(11)

Ag and A^ can be determined from the boundary

First, the solution will be obtained using the boundary

conditions
tb (o

) = U

Tg(l) = 0
ta (o

) = 1

-

2k -

Substituting these conditions into
A1 +

yields

a3 = U

Ag +
rl
e

Ax +
A1

and

r2

'
Ag +

e

A

« 0

+ | (r^R) A2 + | (r8-R) A3 =

1

which may he written
-

1

1

1

0ri

1

1
0r2

| (V H)

u

A1
A

A2

| (ra-R)

=

0

1

A3
-

or more simply
M A = T
where M represents the square matrix and A and T the two column matrices.
The A ’s can be solved for by an inversion of the matrix M.
A = M

T

which yields
M
u !
A., =
K

r2
‘)

- R - e

(rp-r )
x (r -R)

| (rg-R) -

+ e

(r2 -ri>
,
x - 1

-(r2-r )
ri
M t(r^R)
=1 + e'
e
- e
-

f(r0-r )
-r •
1
J
(
r
2-E
)
e
1
U

e

(r2‘rl )

+ e

W

i
- 1

~rl

A„ =
| (ra-R)

' (r2-ri J
“
e
- e

M ,

p (^-R) + e

(r2-rl!
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u

"ri
- e
+1

M
t
p (^-R)
e"r! - 1

e

| (r2-R) -

(r2"r!^

~r l

- e

M ,
1V l >
p (r^-R) + e

,
- 1

The complete solutions for T^ and T^ for the given boundary conditions
can now be written
1 - U | (r^R)

V

e

(r2'rl>

1 - U | (r2-R)

x> | (r2-R) - 1

(r2~rl^

-

JS

M /
+ p (V

1 e

-

\ "ri
r2) 6

'
e

[ l - u | ( r 2-r)

‘rl

'VV'[ erlX

„
- (1-U) e

j <V*> -1_-

| (rx-R) - 1

j 1 - U | (rx-R)

e

e

(r2"rlJ

M ,
, ”rl
+ F (rr r2 ) e

r2X

-

| (r2-R) - 1

1 - U | (rx-R)
ta

| (V

e

e

R) - 1

(r2-rl )

1 (rr E) {
+ -

| (rx-R) - 1

1-U | (r2-R) e

| (r2-R)-l

-

re-ri )

m ,
, -ri
+ p (ri"r2 ' e

1 - U - (rg-R)

(x >
| (r2-R) - 1

(12)

1 - (1 - U)

”rl

(V

ri )

h ,
. 'r:
+ f (rx-r2 ) e

„
(r2-rl)''
- (1-U) e
e

e

| (rx-R)-l

e

M ,
> -rl
+ p (rp-rg) a

(W

(13)

|

(r2~^) ' 1 - U | (r.-R)

e

1 - (l-U)
(rp-rT)

| (r2-R) - 1

-

| (r -R) - 1

e

+ 1 (

e

1

-
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The complexity of the constants in these solutions makes it diffi
cult to draw any conclusions at this point about the variations of the
temperature distributions as the parameters M, R, and P are varied.
Furthermore, for the same reason the success of any attempt to find an
extremum by the usual method of differentiation appears very questionable.
It is possible, however, to solve equation (12) for the value of
U for which
^'(0) = 0
Since this case will prove to be of interest, it will be considered
at this point.
Differentiating Tg with respect to X and letting X = 0 yields

V.(°) = rlA2 + r2A3
Setting this equal to zero results in

U | (r2-R) e

1 - U | (r-j-R)

-r.
1

e

„
(rS-rl )
- r^l-U) e

"rl

+ r2 (l-U) = 0

Solving for U
-rx

(r!-r2) e

(r2-r )

- r

e

+' rg

U =

rl e

A second solution to Tg and

+ r2

is obtained for the boundary conditions

Tg(l) = 0
Tg ’(0) = 0
ta

(l*)

( r 2- r i )

MR ,
~
P
r2"rl

(0) = 1

- 2? -

Applying these conditions to equations (lO) and (ll) yields the matrix

__ 1

ro4

h>4

— I

equation

1

e

e

0

rl

r2

1

1 fr1"R)

- (r2-R)

0

A1
=
A3

0
1

The solution of this equation for the A's gives
(r2'rl )

r2 " rl e

A-,

MlTJ
\
F (r2"ri ) 6

^r2 ~ V

+ R

' r! 6

2

___________"r2 6______
A2 -

Mr7

r

,

"rl

r2-ri e

^r2-rl^

- ri e

+r2

-r.
r e
____________ 1
MR ,
\ "rl
F (r2'ri' 6

Expressions for Tg and
values of Al> V

V

x>

r e
1

(r2-ri> ^
+ r
2

can be obtained by substituting these

and A^ into equations (lO) and (ll).

MR
(r2'rl )
r^X
r^X- r2 e
+ r± e

e

+ r.

(15)
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ta (x )

.
MiT

r

,

r2 e

(r2-rJ

‘rl

(rs'ri) e

■ ri e

- rl e

+ r2

r^X
r0Xl
f (r.-H) r2 e
♦ f (ra-s) r, e

(16)

This solution for T.,,(X) may he checked for consistency by setting
X = 0 in equation (15) and comparing the result with equation (lU).
Making this substitution yields
-r.
ri
r2
r£ e
- r1 e

Tb (o ) -

MR 7
P

,

r2~rl

'rl
e

(r2-ri )
+ r2

- rl e

' r2 + rl
,
, 'rl
<r2 -rd
rl~r2^ 6
" T1 e
+ r2

MR /

r

>

"3

r2~ri e

'r2"rl^

- ri e

+ rz

which is identical to the right side of equation (l^).
Equations (15) and (l6 ) are much simpler in appearance than
equations (l2) and (13)-

It is noted, however, that the parameters

M, R, and P still appear in the quadratic roots r^ and
appear as exponents.

which in turn

This alone is enough to discourage a study of

the variations of the temperature distributions using the solutions
obtained.
The solutions obtained are of value in determining the temperature
distributions for given values of M, R, and P

CHAPTER V

ANALYSIS BY ANALOG COMPUTER

The complexity of the solutions obtained in Chapter IV and the
adaptability of the original equations to analog methods led the author
to consider the use of an analog computer in determining the effects
of the parameters M, R, and P on the temperature distributions in the
band and fluid.

This method of analysis proved to be of great value

and the author is grateful to the Hercules Powder Co. for making their
computer available for this analysis.
The Hercules computer facility is made up basically of Philbrick
SK5-U summer-integrator units and Philbrick SK5-M multiplier-divider
units.

The results are read out on an X-Y plotter or on a 17-inch

cathode ray tube screen.

A permanent record of a solution displayed

on the screen is obtained by photographing the screen.
method was used in this analysis.

The latter

The analog circuit used to describe

the differential equations is given in Appendix B.
The three dimensionless coefficients M, R, and P^ which occur
in equations (8 ) and (9) are combinations of the properties of the
fluid and the band material and the geometric parameters describing
a particular heat exchanger design.

The ability to select values of

the parameters M, R, and P which will produce a given temperature
distribution for given geometry and material properties would be very
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desirable in the design of a moving band heat exchanger.

It is the

purpose of this part of the analysis to determine how the temperature
distributions of the band and the fluid vary as these parameters are
varied.

The combination of M, R, and P which would determine the design

of a heat exchanger with the highest thermodynamic efficiency is also
considered.
The differential equations which describe the heat transfer situation
under consideration are given again for convenience.
Tg" - R Tb ’ - P (Tg_TA ) = 0

(8)

Ta » - M (Tg-TA ) = 0

(9)

and

M =

hL
(pcu)A D
(pcu)

R =

B

P =

The major portion of the analog analysis is done for the boundary
conditions

Tg(l) = 0
Tg’(0) = 0
ta (o) = 1
The reason for this is illustrated in Figure U which shows temperature
curves for the boundary condition

-31-

4
(b)

(c)
Figure h.

Effect on Temperature Distribution of Fixing Tg(o).
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Tg(l) = 0
TgCo) = u
Ta (0) = 1
for three different values of U.

It is apparent from these curves

that to force the band temperature to approach an arbitrary temperature
at X = 0 produces an artificial condition since the temperature curves
are the same, except at the extreme left end, for all three cases.
The parameter M is a dimensionless combination of the properties
and velocity of the fluid and the dimensions of the passage in which
it flows.

A decrease in M would indicate an increase in the capacity

of the fluid to carry thermal energy, D(pcu)

,

or a decrease in

the capacity of the fluid to exchange heat with the band as indicated
in the Lh product.

These effects would tend to cause the temperature

of the fluid to remain near its initial value.
a zero value for the Lh product or

D(pcu)
A

In the extreme case of

— 00

the fluid would be expected to remain unchanged.

the temperature of
Figure 5a shows the

temperature distributions for P = 25, R = -5, and M = 1.

Figure 5b

is the temperature distribution for the same P and R but with M equal
to one-half the original value.

The change in the temperature curves

is in agreement with that postulated above.
The parameter R contains the properties, velocity, and length of
the band.

For the case being considered the velocity of the band, u^,

is always negative.

Therefore, R will always be negative.

The effect of variations in R is not so readily apparent as for
M.

The presence of the band velocity in the numerator indicates that

- 33 -

as R is increased the temperature curve for the band would tend toward
the extreme case for which u_ = °° and the band temperature does not
£>
change.
case.

A comparison of Figures 5a and 5c shows that this is the
In Figure 5c M and P are the same as for Figure 5a tut R is

doubled.
Properties of both the band and the fluid are combined in the
parameter P.

This parameter also includes the length and thickness

of the band.

The magnitude of P might be increased by increasing h or

L or by decreasing Kg or y.

Any one of these changes or a combination

would tend to make the temperature difference smaller between the band
and the fluid at the point at which the band leaves the area of con
tact with the fluid.

A decrease in P would, of course, be expected

to produce the opposite effect.

This is in general agreement with

the temperature distributions shown in Figures 5d and 5e *
In Figures 5d and 5e. R and M have the same values as in Figure 1
but P is varied.
one-half.

Figure 5d shows the change when P is decreased, by

In Figure 5a P has twice the value it has in Figure 5d.

The foregoing analysis provides insight into the shape of the
temperature distribution curves and how they vary relative to each
other as M, R, and P are varied.

It also gives an indication of the

magnitude of the changes produced when each of the parameters is changed
by a proportional amount.

It must be remembered, however, that these

are merely indications of what m i l happen for a given combination of
M, R, and P.

The shape of the temperature curves and the relative

magnitudes of the changes produced will be different for another
combination of the parameters.

-ih-

X
(c)
Figure 5. Variations in Temperature Distribution Due To Variations
M, R, and P.
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(d)

(a)

(e)

Figure

Continued
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It is possible to reach more definite conclusions in considering
the problem of designing a heat exchanger with the highest possible
thermodynamic efficiency.
A heat transfer process has a maximum thermodynamic efficiency
when the temperature difference which causes the process to take place
is a minimum.

Neglecting changes in pressure due to friction and the

change of the fluid temperature, the process of transferring heat from
a fluid to a flat plate can be represented on a T-S diagram as shown
in Figure 6 .

Figure 6 . T-3 Diagram of a Constant Pressure Heat Transfer
Process.

- 37 Figure 6 represents a process in which the fluid temperature (T
decreases by the same amount as the plate temperature (T ) increases.
There is a net increase in entropy as T_, goes to T „0 and T
goes to
II
Id
pi
V

because of the 'increasing slope of the constant pressure line on

the T-S diagram.

If the same quantity of heat is transferred with a

smaller temperature difference as indicated by T ^ * and T g* on Figure

6, the net increase in entropy is much smaller.

The limiting case is

an isentropic heat transfer process in which the temperature difference
is infinitesimal.
The heat transfer process which occurs in the moving band regenerator
can be approximated by imagining the band to be made up of several trans
verse strips each of which is at a given temperature throughout.

The

fluid may be thought of as being divided into several volumes defined
by the walls of the fluid passage and two planes perpendicular to the
axis of the fluid passage.

Each fluid volume has an axial dimension

equal to the width of the strips into which the band is divided and
has a constant temperature throughout.

As the band moves in one

direction and the fluid in the other, each volume of fluid is in con
tact with a strip of band for an instant and heat transfer takes place
between them in the manner described above for a flat plate.

The total

increase in entropy per unit time is equal to the sum of the net entropy
increases per unit time due to the heat transfer process between each
volume of fluid and the corresponding strip.

If the temperature

difference between the fluid and the band is large at a given point.

-
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the contribution to the entropy increase will be large in that area.
If the temperature difference is small, the entropy increase will be
correspondingly smaller.
An ideal counterflow heat exchanger would have an infinitesimal
temperature difference between the band and the fluid at each point.
The temperature distribution of such a device would be two parallel
straight lines as shown in Figure 7*

The distance AT would approach

zero.

X

Figure 7«

Temperature Distribution in Ideal Counterflow Heat
Exchanger.
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It may be concluded from the foregoing discussion that the most
efficient moving band regenerator will be obtained when the values of
M, R, and P are such as to produce a temperature distribution which
approaches the one shown in Figure 7«
The ratio of the M R product to P appears in the solutions to
the differential equations.

This ratio, when written in terms of the

properties, velocities, and geometric parameters, proves to be helpful
in finding the optimum values of M, R, and P.
The ratio

MR
P

(pcu)

hL
(pcu)AD

l y r

(16)

hL2

V
may be written
mr

P

y (pcu)B
D(pcu)A

(17)

This is recognized as the ratio of the heat-carrying capacity of
the moving band to the heat-carrying capacity of the flowing fluid.
It was postulated that for
MR
P =
the temperature distributions in the band and the fluid would approach
those shown in Figure 7°
Figure 8 shows the variation of the temperature distributions
MR
as — varies from -0.1 to -2.0.

The values of M, R, and P, which

correspond to a ratio of -0 .1, are 0 .5, - 5, and 25, respectively.

-

The different values of —

to

-

were obtained by multiplying each of the

parameters M.s R, and P by a constant.
MR _
2
P
"

For example

20 x .5 x 20 x (-5)
20 x 25

The general shape of the two temperature curves clearly depends
on the value of the ratio ^
MR
value of —

.

Figure 8 can be used to select the

which produces a given general shape.

It is evident

that the condition

does give the temperature distribution which most nearly approximates
the ideal case shown in Figure 7.
The temperature difference which separates the two temperature
curves in Figure 8 is dependent upon the relative magnitudes of M and
R.

Increasing R and decreasing M will cause the temperatures of the

band and the fluid to approach each other.

For given values of M, R,

and P such that
MR = - P
the parameters M and R can be varied independently of P by multiplying
one by the reciprocal of the multiplicative factor used to vary the
other.
For the value of P which corresponds to

in Figure 8, the value of M was increased and R was decreased in the

UA

-in-

Figure 8.

Temperature Distribution vs

MR
P ~ *

MR
manner indicated above so that the ratio — did not change.

Jr

This vas

done in order to determine the effect of variations of M and R for a
given value of P.

The results are shown in Figure 9*

As was expected,

the curves approached each other as M was increased and R decreased.
This is illustrated in Figures 9a, 9b, and 9c.

An interesting result

which was not expected was the manner in which Tg(o) varied.

Figure

9d shows that as the curves approach each other Tg(o) increases to a
maximum and then begins to decrease.

A possible explanation for this

behavior can be found by examining the expression for R.

Since R

contains Kg in the denominator, a decrease in R may correspond to an
increase in Kg.

As the conductivity of the band increases, more heat

will be conducted out of the band at the point where the band enters.
As a result of this increased conduction the entire temperature distri
bution of the band will be depressed.
The fact that there is a maximum value of Tg(0) for a given P,
MR
corresponding to the condition — = -1, is very fortunate.

This makes

it possible, when given the value of one parameter, to select the values
of the other two which will give a maximum Tg(o) for the most efficient
temperature distribution.
Figure 10 shows M and R plotted versus P.

The values of M and

R which correspond to a given P are those values which give a maximum
MR
value of Tg(0) for the condition — = - 1.
given value of P is also plotted.

The maximum Tg(o) for a

For many applications the optimum

design of a moving band heat exchanger would be the one which corresponds

--^3-

(a)

(b)

(c)
Figiire 9 . Effect of Variations of M and R for the condition
MR
P

= -1 .

Figure 9*

Continued

p
Figure 10.

M and -R

vx.

P for Maximum Tb (G) and

= -1.

-

to these conditions.

h6

-

Such a design would give a maximum value of Tg(0)

for a minimum increase in entropy.

In view of this fact, the utility

of Figure 6 in selecting the parameters for a given design is apparent.
An example demonstrating the use of Figure 6 in the design of a heat
exchanger for a specific application is given in Appendix C.
The results of the analog computer analysis of the effects of
variations of the parameters M, R, and P on the temperature distributions
in a moving hand heat exchanger are summarized below.
1.

Increasing M causes the temperature of the fluid to decrease
relative to the temperature of the band.

2.

Increasing the magnitude of R causes the band temperature to
decrease relative to the fluid temperature,

3.

Increasing P causes the temperatures to approach each other
at X = 0 and separate at X = 1.
The general shape of the temperature distribution curves is
MR
determined by the value of the ratio —

5*

For a given P the maximum thermodynamic efficiency is
MR
obtained for the condition — = - 1.

6.

For a given P and the condition ^

= -1 the maximum value of

Tg(o) depends upon the relative magnitudes of M and R.

CHAPTER VI

RECOMMENDATIONS FOR FURTHER STUDY

For a pure theoretical analysis such as this thesis there is a
need for experimental work to determine the validity of the conclusions
reached.

Some areas of investigation which would he of particular

interest in an experimental analysis of this problem are given below.
1.

An experimental study to determine the average heat transfer
coefficient for this type of heat exchanger should be
■undertaken.

2.

The shape of the temperature curves for a given value of •—
is predicted in Figure 8.

The validity of this prediction

should be determined.
3.

The validity of the boundary condition Tg'(o) = 0 should be
determined.

b.

An investigation of the factors to be considered in fitting
together the solutions for the two sides of the heat exchanger
is needed.

This would include an analysis of the heat loss

as the band moves from one chamber to the other.
5.

The effects on the temperature distribution of the entrance
and exit conditions should be studied.

6.

An investigation of the validity of the assumption that the
temperature distribution is the same in each band and each
fluid passage would be of interest.
- b7 -
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Several refinements and extensions of the theoretical analysis of
a moving hand heat exchanger were made evident by the literature survey
and the results of this analysis.

Recommendations for additional

theoretical work are as follows.
1.

The variation of the heat transfer coefficient due to changes
in temperature and velocity in the X direction should be
considered.

The temperature distribution obtained for ~

= - 1

would lend itself to this type of analysis.
2.

A digital computer solution of a complete heat exchanger
system made up of several bands might be obtained.

Such an

analysis could consider effects of radiation between the band
and variations in h due to changes in temperature and velocity
in the X direction.
3.

The stresses in the band due to the cyclic flexing and tempera
ture changes need to be analyzed.

It is entirely possible that there are other areas of study, both
experimental and theoretical, which are suggested but not specifically
mentioned in this thesis.

The author would hope that this is the case

and that the work of this thesis may provide the stimulus for future
study.
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APPENDIX A
Growth of the Thermal Boundary Layer for
Laminar Flow Between Parallel Flat Plates

*

V,

APPENDIX B
Block Diagram of the Analog Circuit
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APPENDIX C
Design Calculations

1.

Assume the fluid and the hand material have already been selected from
other considerations. It is assumed the length and the flow rate are
also determined.

2.

For air and copper:

a i r ________ copper_______units
pc

0.01

K

200

h

0.075/D

R

at

JXL —

p

=

50

Btu/ft3 F

0.02

(pcu) B

hL
(pcu)A D

Btu/hr ft F
Btu/hr ft2 F

=

900 V g L

-

hL2

o no?o8^

ui

l2
0.000325

^ y

3.

^

yo

For a given L and Ug, the value of R is determined.
L

=

2

Ug = -8.62 x 10“3

then
R

=

-8.62 x 10"3 x 2 x 900
-15.5
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Let

I)-. From Figure 10, the values of M and D which correspond to the above
value of R are

5.

M

=

25.8

P

=

4oo

For M = 25.8, uA may be determined by selecting a value of D which will
give the proper flow rate and dimensions for the design being considered.
Let

D

=

.004 ft

then
u

=

2.083 x 10'3 x 2
p---25.8 x (.004)

=

10.1 ft/sec

6 . Assuming that the velocity determined above will assure sufficient flow
rate within the envelope which defines the size of the heat exchange. A
value of y can now be determined:

P

■

3.25 X 10

yD

3 .2g x 10"^ x 4

y

400 x .004

=

-4

8.12 x 10

ft.

The parameters in the design have thus been specified. To complete this
part of the design,it is necessary only to determine the number of bands
and the width necessary to give the required flow rate.

ABSTRACT

A parametric study is done of the heat transfer characteristics
of a moving hand heat exchanger.
model considered is as follows.

A description of the mathematical
A flexible band moves at constant

velocity through a region in which it exchanges thermal energy with a
flowing fluid.

The temperature of the band is maintained at a given

value at the entrance of the region where the band and fluid are in
contact.

The temperature of the fluid is maintained at a given value

where it enters the region of heat exchange.

The velocity of the

fluid is parallel to that of the band but is in the opposite direction.
The parameters which influence the solution are related to the
dimensions of the band and fluid passage and the velocities and
properties of the band and fluid.
The general shape of the temperature distributions was found to
depend upon a ratio of the parameters.

The combinations of the para

meters which give the highest thermodynamic efficiency for a moving
band heat exchanger are determined.
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